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ABSTRACT
Aims. In this paper, we analyze the collisional and dynamical evolution of the population of Lj Jovian Trojans.
Methods. To do this, we test different collisional parameters and include a dynamical treatment, taking into account the stability 
and instability zones of the L4 Trojan swarm. This procedure allows us to estimate the size distribution of the L4 Trojans, to study 
their' mean collisional lifetimes, to analyze the formation of families, to obtain ejection rates of Trojan fragments and to discuss their 
possible contribution to the current populations of Centaurs and Jupiter-family comets.
Results. Our estimates of the L4 Trojan cumulative size distribution show waves that propagate from diameters of ~0.1 to ~80 km 
around the values derived from optical surveys. On the other hand, the mean collisional lifetimes obtained from our simulations 
indicate that the large Trojan asteroids have likely survived without being catastrophically fragmented over the age of the Solar 
System. With regards to the Trojan removal, we calculate a maximum ejection rate of Trojan fragments from L4 of ~50 objects larger 
than 1 km of diameter per Myr, which results to be significantly smaller than values previously published. Such estimates allow us 
to infer that the contribution of the Trojan asteroids to the current populations of Centaurs and Jupiter-family comets is negligible. In 
addition, our results are in agreement with the formation of few Trojan families in the L4 swarm. On the other hand, we infer that the 
current orbital distribution of the Trojan asteroids does not offer a strong constraint on the dynamical origin of this population.
Key words, minor planets, asteroids - methods: numerical - solar system: formation
1. Introduction
The Jovian Trojan asteroids are objects locked in a 1:1 mean 
motion resonance with Jupiter, which lead and trail the planet by 
60 degrees of longitude, librating around the Lagrangian equi­
librium points £4 and L5. While the possible existence of ob­
jects moving on stable orbits in the vicinity of such equilibrium 
points was demonstrated by Joseph-Louis Lagrange more than 
two centuries ago (Lagrange 1772), such asteroids were not dis­
covered until the early 1900s. In fact, in 1906, Max Wolf ob­
served the first Jovian Trojan librating around the L4 point while 
a second body was found orbiting L5 by August Kopff the same 
year. Designated as (588) Achilles and (617) Patroclus, respec­
tively, these asteroids represented an observational confirmation 
of Lagrange's studies about the triangular equilibrium points in 
the restricted three-body problem.
Die first comprehensive works aimed at understanding the 
dynamical properties of the Trojan asteroids in the frame of 
the restricted three-body problem were developed by Szebehely 
(1967) and Rabe (1967). In fact, Szebehely (1967) performed 
a detailed description of such problem including regularization, 
equilibrium points, periodic orbits and their stability, Hill curves 
and their implications. At the same time, Rabe (1967) stud­
ied the long-period Trojan librations and defined the stability 
limits in the eccentricity-libration amplitude space. Some years 
later, Erdi (1978) analyzed analytically the three-dimensional 
motion of the Trojan asteroids within the framework of the el­
liptic restricted three-body problem and investigated the main
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perturbations of Jupiter in the orbital elements. On the other 
hand, the dynamical behavior of the Jupiter Trojan populations 
has been also widely studied by numerical methods. Based on a 
sample of 40 Trojans, Bien & Schubart (1987) described the con­
struction of three proper elements for the Trojan asteroids - the 
amplitude of libration, the proper eccentricity and the proper in­
clination - which were shown to be constants over some 105 yr, 
at least. Later, Schubart & Bien (1987) analyzed the distribution 
of these quantities and their relation to other dynamical param­
eters. In the early 1990s, Milani (1993) numerically integrated 
the orbits of 174 asteroids in the 1:1 resonance with Jupiter for 
1 Myr taking into account the gravitational influence of the four 
giant planets. This work was capable of computing accurate and 
stable proper elements for the sample of Trojans, allowing to de­
tect some significant candidate asteroid families. Later, Levison 
et al. (1997) developed long-term dynamical integrations in or­
der to study the stability of the Trojan asteroids under the pertur­
bations of all the outer planets over long timescales of ~109 yr. 
Using a full A-body model, Levison et al. (1997) showed that 
the Trojans move on orbits which are not stable indefinitely, in­
dicating that the gravitational influence of the giant planets has 
reduced the outer boundaries of the swarms over time. In fact, 
the most important result obtained by these authors is that the 
Trojan clouds of Jupiter are slowly dispersing, estimating a dy­
namical erosion rate of ~6.2 x IO-5 yr-1 objects with diameters 
greater than 1 km from the swarms.
Another important question concerning Trojan asteroids is 
their collisional history. The first attempt to study the collisional
or httD://dx.doi.org/10.1051/0004-6361:20077979 
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evolution of these objects was made by Davis & Weidenschilling 
(1981) who derived results regarding mean impact velocities and 
mean intervals between catastrophic collisions for different size 
Trojan asteroids. In fact, these authors found a mean collision 
speed for Trojans of approximately 3.5 kms-1 based on a set 
of only 69 objects. On the other hand, they suggested that the 
larger Trojan asteroids represent a part of the population which 
has likely survived unaltered by catastrophic impacts over the 
age of the Solar System.
Armed with accurate proper elements of a sample of 174 
Trojans, Milani (1993, 1994) identified 3 reliable families: the 
Menelaus and Teucer families in the L4 swarm, and the Sarpedon 
family in L$. The existence of these families and smaller as­
teroid clusters allowed to confirm the occurrence of significant 
collisional evolution in the Trojan swarms. Later, Marzari et al. 
(1995) studied the formation of Trojan collisional families and 
analyzed a possible connection between the fragments yield in 
the Trojan clouds and the population of short-period comets. In 
fact, these authors showed that ~20% of these fragments end 
up into unstable orbits having close encounters with Jupiter and 
suggested that a few tens of the observed short-period comets 
might have been originated by collisions in the Trojan swarms.
In the second half 1990s, Marzari et al. (1996) devel­
oped a numerical approach aimed at calculating collision rates 
and impact velocities for Trojan asteroids. Based on a set of 
114 Trojans, these authors computed the values of these col­
lisional parameters over a short timescale of ~104 yr, estimat­
ing average intrinsic collision probabilities for the L4 and £5 
swarms, and a mean collision speed of approximately 5 kms-1, 
which is a little more higher compared to that derived by Davis 
& Weidenschilling (1981). Using these collisional parameters 
and energy scaling of impact strength with size, Marzari et al. 
(1997) modeled the collisional evolution of the Trojan asteroids. 
They predicted the formation of several tens of Trojan families 
generated by the breakup of parent bodies larger than 60 km 
and suggested that the flux of fragments ending up into Jupiter- 
crossing cometary orbits could supply ~10% of the population 
of short-period comets and Centaur asteroids. Later, Dell’Oro 
et al. (1998) developed a statistical method aimed at comput­
ing the collision probability and the impact velocity in the two 
Trojan clouds over a longer timescale than that used by Marzari 
et al. (1996) (~1 Myr), allowing to account for the dynamical 
links among the Trojans and Jupiter orbital angles due to the 
1:1 resonance. Based on a set of 223 Trojans, Dell’Oro et al. 
(1998) estimated average intrinsic collision probabilities for the 
£4 and £5 swarms, and a mean collision speed of approximately 
4.5 kms-1.
In the early 2000s, Gil-Hutton & Brunini (2000) numerically 
simulated the collisional interaction between the outer asteroid 
belt and scattered primordial planetesimals from the Uranus- 
Neptune zone during their accretion period. They showed that 
the final size distributions of the Trojans and Hildas are domi­
nated by the cometesimal bombardment, which happens during 
the first 2 x 107 yr of evolution (Brunini & Fernández 1999).
At the same time, Jewitt et al. (2000) presented a study of 
the population and size distribution of small Jovian Trojan as­
teroids developed from an optical survey taken in the direction 
of the £4 swarm. Tírese authors estimated that the number of 
£4 Trojans with radius larger than 1 km is about 1.6 x 105. 
Moreover, they argued that a critical radius rc ~ 30 to 40 km 
may mark a transition size between primordial objects and colli­
sional fragments produced from larger bodies. Some years later, 
Yoshida & Nakamura (2005) detected 51 faint Jovian Trojan as­
teroids in the £4 swarm corresponding to the diameter range of 
0.7 < D < 12.3 km. These authors calculated the Trojan size 
distribution in the size range of 2 < D < 10 km and, for this 
entire range, they found results consistent with those previously 
derived by Jewitt et al. (2000). However, Yoshida & Nakamura 
(2005) noted a slight break in the size distribution at D ~ 5 km, 
which, taken together with the results of Jewitt et al. (2000), may 
suggest that the global Trojan size distribution has a continu­
ously changing slope.
On the other hand, Beauge & Roig (2001) performed a semi- 
analytical model for the motion of the Trojan asteroids aimed 
at studying the dynamical behavior of these bodies over long 
timescales. Making use of this algorithm, these authors esti­
mated accurate proper elements for a sample of 533 Trojans, 
which allowed them to search for asteroid families among the L4 
and L5 swarms. In fact, while Beauge & Roig (2001) confirmed 
the existence of the Menelaus family around L4, previously de­
tected by Milani (1993, 1994), they put in doubt Milani’s (1993, 
1994) Teucer family, proposing the Epeios family as a more re­
liable candidate to be the byproduct of the breakup of a larger 
body. Moreover, Beauge & Roig (2001) did not identify signif­
icant candidate families around £5, suggesting a possible asym­
metry between the two swarms. Some years later, Fornasier et al. 
(2004), Dotto et al. (2006) and Fornasier et al. (2007) carried 
out spectroscopic and photometric surveys of Trojan asteroids 
aimed at analyzing the mineralogical properties of small and 
large members of different dynamical families in order to in­
vestigate the nature of these groups and the internal composition 
of their parent bodies. In fact, making use of the list of Jupiter 
Trojan families provided by Beauge & Roig (2001), Fornasier 
et al. (2004) developed a visible spectroscopic and photometric 
survey of the £5 swarm, studying the properties of several mem­
bers belonging to the Aneas, Astyanax, Sarpedon and Phereclos 
families. On the other hand, Dotto et al. (2006) performed a vis­
ible and near-infrared survey of the L4 and £5 swarms, investi­
gating the surface properties of several members belonging to 
seven dynamical families of both clouds. In fact, these authors 
concentrated on the same four £5 families studied by Fornasier 
et al. (2004) and analyzed the Menelaus, 1986 WD andMakhaon 
families in L4. The most important result derived by Dotto et al. 
(2006) is the uniformity of the Trojan population. Recently, 
Fornasier et al. (2007) presented final results on dynamical fam­
ilies from a visible survey of L4 and £5 Trojans. These au­
thors studied the main characteristics of small and large mem­
bers of the Aneas, Anchises, Misenus, Phereclos, Sarpedon and 
Panthoos £5 families and the Eurybates, Menelaus, 1986 WD 
and 1986 TS6 families in the £4 cloud.
In this paper, we present a new study aimed at analyzing the 
collisional and dynamical evolution of the £4 Trojan asteroids, 
using the numerical code developed by de Elia & Brunini (2007). 
While this paper is similar to that made by Marzari et al. (1997), 
there are relevant differences in the general treatment of the algo­
rithm. As for the collisional model, Marzari et al. (1997) imple­
mented three different Qs laws (namely, the amount of energy 
per unit target mass needed to catastrophically fragment a body, 
such that the largest resulting fragment has half the mass of the 
original target, regardless of reaccumulation of fragments) for­
mulated by Davis et al. (1985) (simple energy scaling), Housen 
& Holsapple (1990) (strain-rate scaling) and Davis et al. (1994) 
(hydrocode scaling), and assumed a constant value of 0.2 for fac­
tor /ke, which determines the fraction of the energy received by 
a body released as kinetic energy of the fragments. Here, we use 
different Qs laws and a factor /ke depending on target size (Davis 
et al. 1995; O’Brien & Greenberg 2005) which are combined to 
yield the Qd law (namely, the amount of energy per unit mass 
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needed to fragment a body and disperse half of its mass) formu­
lated by Benz & Asphaug (1999) for icy targets and 3 km s_1 im­
pact velocity. On the other hand, we believe our model improves 
that presented by Marzari et al. (1997), including a dynamical 
treatment that takes into account the stability and instability re­
gions of the L4 Trojan swarm, which allows us to obtain more 
reliable estimates about the collisional ejection rates of Trojan 
fragments, and to discuss their possible contribution to the cur­
rent populations of Centaurs and Jupiter-family comets.
In Sect. 2 the collisional model is described, while the ma­
jor dynamical features present in the L4 Trojan population are 
discussed in Sect. 3. In Sect. 4 we describe the full numerical 
model. Section 5 shows the most important results derived from 
the collisional and dynamical evolution of the L4 Trojan aster­
oids. Conclusions are given in the last section.
2. Collisional mechanisms
In this section, we give a brief description of the collisional algo­
rithm developed by de Elia & Brunini (2007) aimed at describing 
the outcome of a collision between two bodies. Such algorithm 
is based on the method performed by Petit & Farinella (1993) 
with the corrections made by O’Brien & Greenberg (2005).
2.1. Collisional parameters - definitions
A catastrophic collision is defined as the one where the largest 
piece resulting from it contains 50% or less of the initial target 
mass, whereas the rest of the collisions are considered crater­
ing events. When a collision between two bodies of masses M\ 
and M2 occurs, the relative kinetic energy is given by
ij^y2
2 Mi + M2 (1)
where V is the relative impact velocity. The impact velocity 
V and the shattering impact specific energy Qs are two fun­
damental quantities determining, for a given body, if the colli­
sion must be studied in the catastrophic regime or in the crater­
ing regime. Farinella et al. (1982), Housen & Holsapple (1990), 
Ryan (1992), Holsapple (1993), Housen & Holsapple (1999) 
and Benz & Asphaug (1999) have shown that for small bod­
ies, with diameters <1 km, the material properties control the 
impact strength in such a way that it decreases with increasing 
size. On another hand, Davis et al. (1985), Housen & Holsapple 
(1990), Eove & Ahrens (1996), Melosh & Ryan (1997), and 
Benz & Asphaug (1999) showed that for large asteroids, with 
diameters >1 km, gravity dominates the impact strength which 
increases with increasing size. In fact, while asteroids with diam­
eters < 1 km are assumed to be in the “strength-scaled regime”, 
larger bodies are in the “gravity-scaled regime”. Some authors 
(Durda et al. 1998) have used the dispersing impact specific en­
ergy Qd rather than Qs, as primary input parameter in their colli­
sional evolution models. For small bodies, the gravitational bind­
ing energy is negligible and owing to that Qs and Qd have the 
same value. For larger bodies, Qd must be larger than Qs, since 
gravity is important and can therefore impede the dispersal of 
fragments. In Sect. 4.4, we discuss some aspects of Qs and Qd, 
specifying the most convenient input parameters for our colli­
sional evolution model.
According to these definitions and assuming that the energy 
is equi-partitioned between the two colliding bodies (Hartmann 
1988), for body i fragmentation occurs if Frei > 2Qs,iMj 
(Greenberg et al. 1978; Petit & Farinella 1993), while below this 
threshold, cratering happens. Thus, if two objects collide, the 
last relation allows us to determine if both of them will be catas­
trophically fragmented, if one will be cratered and the other will 
be catastrophically fragmented or if both will be cratered after 
the collision.
In the next subsections, we describe our treatment of a col­
lision in the catastrophic regime as well as in the cratering 
regime. Besides, for any of the three mentioned outcomes, we 
also study the escape and reaccumulation processes of the re­
sulting fragments, carrying out a previous determination of the 
escape velocity.
2.2. Catastrophic fragmentation
If a body of mass M; is catastrophically fragmented, the mass of 
the largest resulting fragment will be given by MmaXi; = Mifa, 
where f4 is
1 [Qs.iMi^ 
Jl’1 2 Erei/2 ) (2)
according to the experimental results obtained by Fujiwara et al. 
(1977).
We define Nf>m) as the number of fragments of body i with 
a mass larger than m. Nf>m) has a discontinuity at m = Mmaxa 
since there is just one fragment of mass MmaXi; resulting from the 
catastrophic fragmentation of body i. So, if 0(x) is the Heaviside 
step function (namely, 0(x) = 0 for x < 0 and 0(x) = 1 for 
x > 0), Nf>m) can be written as
Ni(>m) = Bim~bi®(Mmax4 - m), (3)
where bi is the characteristic exponent. Besides, as 
Ni(>Mmaxa) = 1, so from the last equation, we find
Bi = (Mmaxfb‘. In order to calculate the characteristic ex­
ponent bi, we derive the cumulative mass distribution M,(<m) 
which represents the total mass of fragments of body i with a 
mass smaller than m. In fact, M,(<m) can be calculated as
pm
Mi(<m) = I mni(m)dm, (4)
Jo
where w,(m)dm = -dNf>m) defines the differential fragment 
size distribution. Thus, M,(<m) will be written as
biMbi ■ , t
M,(<m) = —.)}
1 - bi
Mmaxa
+■; ®(m — Mmaxi'). (5)
1 ~bi
On the other hand, the mass conservation implies M,(<MmaXil) = 
Me, then, from Eq. (5), we derive the condition
1 - bi 
and, since Mmaxa = Mi fa, so 
bi = 1 -fa.
(6)
(7)
Thus, if fi4 is calculated by Eq. (2), bi can be derived from the 
last equation. With this, every parameter present in Eq. (3) is 
determined and so, such law can be used in order to calculate 
the distribution of the fragments resulting from a catastrophic 
event.
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2.3. Cratering impacts
Below the catastrophic fragmentation threshold (Erei < 
a crater is formed. Imposing continuity for Mcrati; = 
Afj/lOO, the mass Mcrata excavated from the crater can be calcu­
lated from the following relations
is partitioned into kinetic energy of the fragments. In Sect. 4.4, 
we discuss some aspects of this parameter. On the other hand, 
while Eba = fafa, it can be also written following the mass­
velocity model proposed. In fact,
Mj l-2QQs,ia
10 1 -200&,;a
if Erel < fl,
ifElel>fl, (8)
Eb,i
y2 y2
—mni(m)dm + fa^M(<Mi)
V2. if o' , „ +di Mmax, (11)
where fl = Mi /100a. The parameter a, known as crater excava­
tion coefficient, depends on the material properties and ranges 
from about 4 x 10-4 to 10-5 s2 m-2 for soft and hard materials 
respectively (Stoeffler et al. 1975; Dobrovolskis & Burns 1984). 
For cratering impacts, the surviving cratered body has a mass 
Mi - Mcrabi. It is important to take into account that the derived 
expressions to treat a catastrophic impact can be used in order to 
study a cratering event, replacing the target mass Mi by Mcrata. 
Thus, the mass of the largest fragment ejected from the crater 
will be fi.iM^i, where //,; = 0.2 since according to Melosh 
(1989), bi = 0.8 for any cratering event.
where ni(m)dm = -dNi(>m) and the last term is the kinetic en­
ergy of the largest fragment resulting from body i in a collision. 
The experimental studies performed by Fujiwara & Tsukamoto 
(1980) and Nakamura & Fujiwara (1991), indicate that the 
largest fragment resulting from a catastrophic fragmentation 
event has a negligible kinetic energy in the reference frame of 
the center of mass. On the other hand, in a cratering event, the 
largest fragment of mass Mmax,; = faMciabi (with fa = 0.2) has 
a velocity Vif,; given by
2.4. Escape and reaccumulation of fragments
After calculating the distribution of fragments associated with 
every one of bodies that participate in a collision, it is necessary 
to determine the final fate of the fragments ejected from each 
one of them. If the fragment relative velocity is larger than the 
escape velocity Vesc from the two colliding bodies, it will escape, 
while those slower than Vesc will be reaccumulated on the largest 
remnant. The following points must be considered:
- to adopt a Fragment Velocity Distribution;
- to determine the Escape Velocity of the Fragments.
Here, we follow the method of Petit & Farinella (1993) to cal­
culate the velocity distribution of fragments. The mass-velocity 
distribution can be written as
V = Citn~ri for Mi < m < Mmaxa,
V = Vmax for m<Mi, (9)
where, imposing continuity, Mt = (Vmax/Ci)~1/r‘. Vmax is as­
sumed to be the maximum value for the velocity of the frag­
ments. The inclusion of this high velocity cutoff is motivated by 
a physical reason: a fragment can not be ejected with a velocity 
larger than the sound speed in the material, which is assumed 
to be of 3000 m s“1 (O’Brien & Greenberg 2005). While this 
value would seem to be too large (Vokrouhlicky et al. 2006), a 
detailed discussion about the dependence of the simulations on 
this input parameter has been developed by de Elia & Brunini 
(2007). On the other hand, the exponent p in the mass-velocity 
model is given by
So, in order to take into account this difference, we insert the 
corresponding term in the energy conservation equation multi­
plied by a factor A;, where A; will be 0 for a catastrophic event 
and 1 for a cratering event.
Equation (11) is an integral of m. Once V is written in terms 
of m (Eq. (9)), such integral can be evaluated. After solving for 
Eq. (11), the constant coefficient Ci will be given by the solution 
of the equation
aC.‘ + b-C2 = 0,
where a and b are given by
max,; max
____________ 2bjrj____________
[(l-2n-bifai + bi](l-bi)
b 2M2r‘~l max,;
l-bj- 2n
(1 - 2fi - fafa + bi Eb.i,
(13)
(14)
and Eba is assumed to be faEb
Once the fragment velocity distribution has been found for 
each of the bodies that participate in a collision, it is necessary to 
calculate the effective escape velocity VAC from the gravitational 
field of the two colliding bodies. For this, we use the method 
developed by Petit & Farinella (1993) with the corrections made 
by O’Brien & Greenberg (2005). Thus, we calculate the escape 
velocity Vesc using the energy balance equation, which can be 
written as
|mX2sc + Wtot = W,1 + W,2 + (15)
(Petit & Farinella 1993; O’Brien & Greenberg 2005), where the 
value of k is about 9/4 (Gault et al. 1963). As for the constant 
coefficient Ci, it can be calculated from an energy conservation 
equation. Assuming that the relative kinetic energy Erei of the 
collision is partitioned equally between the target and the pro­
jectile, so body i will receive an energy Ej = EK\/2 at impact. 
From this, we define Eba = fafa as the kinetic energy of the 
fragments resulting from such body. fa is an inelasticity param­
eter determining which fraction of the energy received by a body
where M* = Mi - Mmaxb + M2 - Mmax22 if both bodies are 
catastrophically fragmented, M* = Mciatb + M2 - Mmax,2 if 
body 1 is cratered and body 2 is catastrophically fragmented and 
M‘ = Mciatb + Mciab2 if both bodies are cratered. The term Wtot is 
the total gravitational potential energy of the two colliding bod­
ies just before fragmentation event, which is given by
3GM3/3 3GM3/3 GMiM2
IFtot — - - - . „ . „, (16)
5Q 5Q QM\13 + OMfa
where the parameter Q is
1/3
(17)
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and p is the density of the objects. On the other hand, the terms 
Wfr,, represent the gravitational potential energy of the fragments 
of body i resulting from the collision. If body i is catastrophically 
fragmented, Wfr,; will be given by
Wfr,> = I m5/3w,(m)dm
o 0 Jm=0
M5/3 ■
_ ''max,;
“ ~~Q 5-3bi’ 
while if body i is cratered, Wfr,; will adopt the following 
expression
m=0
3 G r “ 5/3 z 3G(Mi - Mcrat,;)s/3
--- mD/Jw,(m)dm------------ —----------
3 U* Jm 0
3G ^a* 3 Xii. 3G(M; - Mcrat,;)S/3
W- =------------5 
where Mo is the mass of the Sun and Ro is the orbital radius 
where the collision occurs. On the other hand, according to 
O’Brien & Greenberg (2005), if body 1 is cratered and body 2 is 
catastrophically fragmented, the term Wh must be written as 
while if both bodies are cratered, the term Wh has the form
M = -3G(Mi + M2 - Mcrat.i - Mcrat,2)2/3
(A/crat.l + lWcrat,2) (3A/O)1/'3
X 2 Ro (22)
Once the different W terms are calculated, it is possible to find 
the escape velocity VeSc from the corresponding energy balance 
equation. From this, in Sect. 4.5 we describe the treatment pro­
posed in our algorithm in order to study the escape and reaccu­
mulation processes of the ejected fragments.
3. Dynamical features
The Trojan asteroids are locked in a 1:1 mean motion reso­
nance with Jupiter librating around the Lagrangian equilibrium 
points L4 and L5. Figure 1 shows the distribution of 1155 Jovian 
Trojans associated to the L4 swarm, with respect to semimajor 
axis a, eccentricity e and inclination i. Such plots indicate that all 
Jupiter Trojans observed in L4 present a, e and i values ranging 
between 4.7 and 5.7 AU, 0 and 0.3, and 0 and 60°, respectively. 
In the following, these will be the boundaries of L4 in semima­
jor axis, eccentricity and inclination with which we are going 
to perform our work. Assuming that the positions occupied by 
the asteroids in the planes ae and ai represent stable zones of 
the swarm, it is possible to define a set of stability and instability 
niches within of the boundaries of the cloud. In fact, we construct 
such regions assuming widths of 0.02 AU, 0.0125 and 2.25° in 
semimajor axis, eccentricity and inclination, respectively. Hie
(19)
Q 5 - 3bi 5Q
The term M is an estimate of the gravitational potential energy 
of the fragments when these are separated by a distance of the 
order of the Hill’s radius of the total colliding mass in the grav­
itational field of the central mass Mo and orbital distance Ro. If 
both bodies are catastrophically fragmented, M is given by
3G(Mi + M2)5/3 (3Mor
(20)
Ro
(21)
l_4 Jovian Trojans
(18)
Semimajor Axis (AU) 
l_4 Jovian Trojans
Semimajor Axis (AU)
Fig-1- The distribution of the population of L4 with respect to 
semimajor axis, eccentricity and inclination. The solid and dashed 
squares represent the stability and instability niches used in our 
simulations, respectively. (Data obtained from http://www.cfa. 
harvard.edu/iau/lists/JupiterTrojans.html)
stability and instability niches generated from this procedure are 
indicated in Fig. 1 as solid and dashed squares, respectively.
Another important question concerning the dynamical be­
havior of the Trojan asteroids is their libration amplitude dis­
tribution. From Marzari et al. (2002), the libration amplitudes 
ranging from 0.6° to 88.7°, with a mean value of 32.7° for the L4 
cloud. A detailed discussion about the distribution of the libra­
tion amplitude of the Trojan asteroids can be found in Marzari 
et al. (2003).
Section 4.5 describes how the stability and instability niches 
shown in Fig. 1 are included in our numerical algorithm in or­
der to model the dynamical treatment of the code, as well as how 
the mean libration amplitude is used to determine the final fate of 
the Trojan fragments. On the other hand, we discuss in Sect. 5.4 
the sensitivity of our results to the way those niches were con­
structed as well the dependence of our simulations on the initial 
orbital element distribution of the population.
4. Collisional and dynamical evolution model
In this section, we present the full model we use to study the 
collisional and dynamical evolution of the population of L4 
Jovian Trojans.
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4.1. Population of the model
The population and size distribution of the Trojan asteroids was 
studied by Jewitt et al. (2000) who developed an optical survey 
in the direction of the L4 swarm. According to this work, the 
differential size distributions of the L4 Trojans are given by
(1 Icm. \ 'J ' ' 'J—— dr0.04 (23)
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for r0.04 > 42 km, while the corresponding integral distribu­
tions are
Fig. 2. Initial population of the model. The black points show the in­
tegral distribution derived by Jewitt et al. (2000) for the £4 Trojan 
asteroids.
A(>r0.04) = 1-6 x 10s ( —
\ O.04
(25)
for 2.2 < 0.04 < 20 km, and
assign an cumulative power-law index p in order to reproduce a 
given initial mass. From this, the cumulative starting population 
used in our model to study the L4 swarm is defined as follow
N(>r0,04) = 7.8 x 108 1 km
O.04
4.5±0.9
for r0.04 > 42 km, where 0.04 is the radius derived assuming 
a geometric albedo of 0.04, which is the mean value of known 
Trojans (Tedesco 1989).
Some years later, Yoshida & Nakamura (2005) analyzed the 
size distribution of faint Jovian L4 Trojan asteroids correspond­
ing to the radius range of 1 < 0.04 < 5 km. For this entire range, 
these authors derived a value for the mean slope of the cumula­
tive size distribution of 1.9 ± 0.1, which is consistent with that 
previously estimated by Jewitt et al. (2000) for the L4 Trojans 
with 2.2 < r0.04 < 20 km (see Eq. (25)). However, Yoshida 
& Nakamura (2005) noted that the size distribution of detected 
L4 Trojans shows a slight break at 0.04 ~ 2.5 km by deriving 
mean slopes of the cumulative size distribution of 1.28 ± 0.11 
for 1 < ro.04 < 2.5 km and 2.39 ± 0.10 for 2.5 < ro.04 < 5 km.
Dre numerical simulations performed by Davis & 
Weidenschilling (1981) and Marzari et al. (1997) indicate 
that the larger Trojan asteroids would be unaltered by catas­
trophic impacts since the early stages of the Solar System 
history. Binzel & Sauter (1992) reported lightcurve observations 
for Trojan asteroids indicating that only those with r0.04 > 45 km 
have been able to retain their initial forms after 4.5 Gyr of colli­
sional evolution. From this, these authors suggested that a 45 km 
radius may represent a transition between a primordial popu­
lation and collisional fragments produced from larger bodies. 
On the other hand, Jewitt et al. (2000) found a critical radius of 
approximately 30 km for the L4 Trojan size distribution, which 
can be seen by equating Eqs. (25) and (26). Jewitt et al. (2000) 
concluded that since the transition radius estimated by Binzel 
& Sauter (1992) is uncertain to within a factor of 2, the size 
distribution as well as the lightcurve amplitude distribution of 
Trojan asteroids indicate that a primordial/fragment transition 
occurs at a radius near 30^10 km. Thus, for r > 30 km, we 
construct an initial population that follows an cumulative 
power-law index with a value close to the observed slope of 
Trojans in this size range (see Eq. (26)), while for r < 30 km, we
(26)
(27)
where C = 2.3 x 109 (30)-4 7 (30/ by continuity for r = 30 km. 
In our simulations, p is assumed to be 3 which leads to an initial 
population of ~8 times the current L4 Trojan swarm mass, which 
is of order 5 x 1023 g (Jewitt et al. 2000). It represents a col­
lisionally evolved population whose members could have been 
captured as Trojans after a significant amount of small bodies 
had been generated from collisions between planetesimals orbit­
ing near Jupiter (Marzari et al. 1997). Figure 2 shows the start­
ing cumulative size distribution used in our simulations together 
with the integral distribution derived by Jewitt et al. (2000).
In Sect. 5.4, we discuss the dependence of our simulations 
on the initial population.
4.2. Collision velocities and probabilities
Mean values for the intrinsic collision probability <Pzc), which 
describes how frequently collisions occur, and the impact veloc­
ity (V) are fundamental quantities for any collisional evolution 
study. We adopt the values of <Pzc) and (V) derived by Dell’Oro 
et al. (1998) using the mathematical algorithm developed by 
Dell’Oro & Paolicchi (1998) on a sample of 223 Trojans. This 
statistical method computes the values of <Pzc) and (V) for the 
two Trojan swarms over a long timescale of 1 Myr, taking into 
account the dynamical links among the Trojans and Jupiter or­
bital angles due to the 1:1 resonance. Over a long timescale 
the effect of the secular frequency gs - g<s becomes important, 
strongly affecting the semimajor axis, the eccentricity and the 
libration amplitude of all Trojan asteroids. For that reason, the 
<Pzc) time evolution shows large oscillations around the average 
value while the behavior of (V) is somewhat more complicated 
due to the variations in inclination of Trojans. The mean val­
ues of the impact velocity and the intrinsic collision probability 
derived by Dell’Oro et al. (1998) for the two Trojan asteroid 
swarms are shown in Table 1.
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Table 1. Mean values for the impact velocity (V) and the intrinsic col­
lision probability {Pic) derived by Dell’Oro et al. (1998) for the two 
Trojan asteroid swarms, from a sample of 223 objects.
(PT)
xl0 18km 2yr 1
<v> 
kms 1
l4 7.79 ± 0.67 4.66
L5 6.68 ± 0.18 4.51
4.3. Interrelations with Hildas and Jupiter-family comets
Apart from mutual collisions, Trojan asteroids can also have 
encounters with Hilda asteroids and Jupiter-family comets. To 
understand if such populations contribute to the collisional evo­
lution of Trojans, it is necessary to analyze the following two 
important points:
- the intrinsic collision probabilities (Pzc), between Trojans 
and Hildas and between Trojans and Jupiter-family comets;
- the estimated total number of Hilda asteroids and Jupiter- 
family comets able to impact the population of Trojans.
Dahlgren (1998) and Dell’Oro et al. (2001) estimated the intrin­
sic collision probability (Píc)t-h between Trojans and Hildas 
and found that the value of (Píc)t-h is around a factor of 
30 lower than {Pic)T_T for collisions between L4 Trojan aster­
oids. In addition, Brunini et al. (2003) determined that the total 
number of Hildas with radius larger than 1 km is at most 25 000, 
which is approximately 16% of the estimated population at the 
¿4 Trojan swarm by Jewitt et al. (2000), of 1.6 X 105 asteroids 
(see Eq. (25)). In the same way, Dell’Oro et al. (2001) com­
puted the intrinsic collision probability {PiQt-jfc between L4 
Trojans and Jupiter-family comets and determined that the value 
of {PíQt-jfc is almost a factor 24 lower than {Pic)T_T for col­
lisions between L4 Trojan asteroids. Moreover, Fernández et al. 
(1999) indicated that the total number of Jupiter-family comets 
larger than 0.7 km in radius is estimated to be from several thou­
sands to about 104, which is from one to two orders of magnitude 
smaller than the total number of L4 Trojans derived by Jewitt 
et al. (2000) (see Eq. (25)).
From this, we infer that the contribution of Hilda asteroids 
and Jupiter-family comets to the collisional evolution of Trojan 
asteroids is negligible.
4.4. Asteroid strength
O’Brien & Greenberg (2005) showed that the general shape of 
the final evolved asteroid population is determined primarily by 
Qd, but variations in Qs and /ke can affect such final population 
even if QD is held the same. According to these arguments we 
choose Qs and /ke as input parameters of our collisional model. 
In fact, we test different Qs laws and use a parameter fie de­
pending on target size (Davis et al. 1995; O’Brien & Greenberg 
2005) which are combined to yield the Qd law derived by Benz 
& Asphaug (1999) from hydrodynamic studies for icy bodies at 
3 km s“1. Such QD law is shown in Fig. 3 as a solid line and can 
be calculated from an expression of the form
Do =Cl/r'l(l+(C2/J)';), (28)
where Ci, C2, Ai, and U are constant coefficients whose values 
are 24, 2.3, 0.39 and 1.65, respectively.
To analyze the dependence of our numerical simulations on 
the shattering impact specific energy Qs, we use a numerous 
family of Qs curves testing different slopes in the “gravity- 
scaled regime” and covering all the possibilities from small to 
large gaps between Qs and the Qd law from Benz & Asphaug 
(1999). In fact, the Qs laws used in our simulations are shown in 
Fig. 3 as dashed lines and can be also represented from expres­
sions of the form
Qs = Gj/UJ| (I + (C2/J)j2), (29)
where Ci, C2, Ai, and A2 are constant coefficients. For small bod­
ies, with diameters <1 km, the gravitational binding energy is 
negligible and owing to that Qs and Qd have the same value. 
Tlius, the values of Ci and Ai for all the Qs laws must be equal 
to those specified for the Qd law from Benz & Asphaug (1999) 
since such coefficients dominate the behavior of the curves for 
small sizes. On the other hand, the coefficients A2 and C2 de­
termine the slope and the magnitude of every Qs law in the 
“gravity-scaled regime”, respectively. The values of A2 used in 
Figs. 3a-d are 2, 1.75,1.5 and 1.25, respectively. As for C2, this 
coefficient ranges from 0.5 to 0.15, from 1.2 to 0.2, from 2 to 0.8 
and from 2.3 to 1 for the Qs laws shown in Figs. 3a-d, respec­
tively.
On the other hand, /ke is a poorly known parameter in colli­
sional processes. But, many authors have suggested that it may 
vary with size, with impact speed and probably with the ma­
terial properties. Tlius, according to that made by O’Brien & 
Greenberg (2005), we express the parameter /ke as
/ke = /ke° (1000 km) ' (30)
The values of and y used in our simulations are 0.35 and 0.7, 
respectively. Such values are according to that discussed by 
O’Brien & Greenberg (2005), who indicate that y is on the order 
of 0.5 (always between 0 and 1) and the value at 1000 km, is 
~0.05-0.3, which is consistent with estimates of /ke in large im­
pacts (Davis et al. 1989). An interesting result is that the values 
of /ke0 and y do not depend on the Qs law to yield a given QD. 
In fact, from the combination of any of the Qs laws shown in 
Fig. 3 and /ke, with fieo = 0.35 and y = 0.7, the Qd law derived 
by Benz & Asphaug (1999) is obtained with good accuracy.
4.5. The full model
In order to simulate the collisional and dynamical evolution of 
the Jovian Trojan asteroids of the L4 swarm, our numerical code 
evolves in time the number of bodies residing in a set of 130 
discrete logarithmic size bins, whose central values range from 
£>i = 10“10 km to £>130 = 8 8 6.7 km in diameter in such a way 
that from one bin to the next, the mass of the bodies changes by a 
factor of 2 and the diameter changes by a factor of 21/3, adopting 
a density of 1.5 g cm-3.
Following Campo Bagatin et al. (1994) and Campo Bagatin 
(1998), a collisional system with a low-mass cutoff leads to 
waves in the size distribution of the bodies. In order to avoid 
this effect, we do not evolve in time the 60 first size bins, whose 
central values range from 10_1° to 10“4 km. In fact, this part of 
the population is only used as a tail of projectiles for calculat­
ing impact rates with larger bodies and its size distribution is 
determined each timestep by extrapolating the slope of the dis­
tribution of the ten next size bins.
In each timestep, a characteristic orbit is generated at random 
for each collision between Trojans of diameters £>i and £>2 in 
the L4 swarm. For this, we use the acceptance-rejection method 
developed by John von Neumann. From Figs, la and lb, we con­
struct 3-D niches within of the boundaries of L4 with widths of 
0.02 AU, 0.0125 and 2.25° in semimajor axis a, eccentricity e
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Fig-3- Asteroid strength. The dashed lines represent the Qs laws used in our simulations. From a) to d). the Qs curves show decreasing slopes in 
the “gravity-scaled regime" covering all the possibilities from small to large gaps between Qs and the QD law from Benz & Asphaug (1999) for 
icy bodies at 3 km s . which is plotted as a solid line.
and inclination i, respectively. In each of these zones, we calcu­
late the fraction of Trojan asteroids f(a,e,i) =
where represents the total number of Trojans of the sam­
ple, which is equal to 1155 (see Sect. 3). This procedure al­
lows us to define a function f of a, e and i whose maximum 
value results to be of ~0.0065. The acceptance-rejection tech­
nique of von Neumann indicates that if a set of numbers a*, e* 
and i* is selected randomly from the domain of the function f 
(namely, a*, e* and i* between 4.7 and 5.7 AU, 0 and 0.3 and 0 
and 60°, respectively), and another set of numbers f* is given at 
random from the range of such function (namely, f * between 0 
and 0.0065), so the condition f* < f(a*, e*, i*) will generate a 
distribution for (a*, e*, i*) whose density is f(a*, e*, r)da*de*di*. 
Such (a*, e*, i*) values will be accepted as possible initial con­
ditions for the semimajor axis, eccentricity and inclination of 
the L4 Trojans, in agreement with the observational data. It 
is worth noting that in mean motion resonances, the evolution 
of a, e and i is coupled. However, we are treating them as uncor­
related variables. Nevertheless, a more rigorous treatment would 
be very difficult, and we believe the results would be not too dif­
ferent than the ones found here. Finally, given the longitude of 
ascending node Q. the argument of pericentre <+ and the mean 
anomaly M between 0 and 360°, an orbit can be assigned and 
from this, a position-velocity pair can be derived for every of the 
colliding Trojans.
Once a typical orbit has been computed for each body par­
ticipating of a given collision, the next step is to carry out the 
collisional treatment (including the analysis of the reaccumula­
tion process) from the algorithm outlined in Sect. 2. In order to 
determine the final fate of the fragments escaping from the grav­
itational field of the system, it is necessary to calculate which are 
their orbital elements once they are ejected with a relative veloc­
ity with respect to the parent body. Immediately before the col­
lision, the barycentric position and velocity of the fragments are 
assumed to be those associated with their parent body. After the 
collision, we consider that the barycentric position of the frag­
ments does not change while the relative velocities with respect 
to their parent body (Eq. (9)) are assumed to be equally parti­
tioned between the three components. Once the barycentric po­
sition and velocity of the fragments after the collision have been 
obtained, it is possible to calculate their orbital elements and the 
final fate of them. For this, we use the following criterion:
1. The fragments remain in the £4 Jovian swarm if the combi­
nations of (a, e) and (a, z) values are associated with some 
of the stability niches shown in Figs, la and lb, respectively, 
and the absolute value of the difference between their final 
and initial mean longitudes is smaller than the mean libra­
tion amplitude for the £4 Trojan asteroids, which is assumed 
to be ~30° in agreement with that discussed in Sect. 3. The 
mean longitude is denoted by A and is defined by
A — M + 11 + <u. (31)
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Fig.4. Our estimates of the £4 Trojan cumulative size distribution obtained from the Qs laws presented in Figs. 3a-d are shown in a)-d). respec­
tively. Data derived by Jewitt et al. (2000) from optical surveys are given for comparison.
where M, Q and w represent the mean anomaly, the longi­
tude of ascending node and the argument of pericentre, re­
spectively.
2. On the other hand, the fragments are ejected from the £4 
Jovian swarm no longer participating in the collisional evo­
lution if any of the following conditions is fulfilled:
- eccentricity e > 1;
- (a, e, z) values exceed the boundaries of the £4 swarm (see 
Sect. 3);
- (a, e) and (a, z) values are associated with some of the 
instability niches shown in Figs, la and lb, respectively;
- (a, e) and (a, z) values are associated with some of the sta­
bility niches shown in Figs, la and lb, respectively; but 
the absolute value of the difference between the initial and 
final mean longitudes is larger than the mean libration am­
plitude of -30°.
To study the evolution in time of the £4 Trojan population, the 
timestep Ai is calculated in such a way that the change of the 
number of objects in any size bin is always smaller than a given 
amount, which is generally chosen as 1 % of the original number 
of bodies.
5. Results
We have developed a series of numerical simulations aimed at 
studying the collisional and dynamical evolution of the £4 Trojan 
asteroids for different Qs laws which cover all the possibilities 
from small to large gaps between Qs and the Qd law derived by 
Benz & Asphaug (1999) for icy bodies at 3 km s_1. Here, we 
discuss the general outcomes obtained from the numerous fam­
ily of Qs curves presented in Sect. 4.4. Thus, in Sect. 5.1, we 
compare our estimates of the £4 Trojan cumulative size distri­
bution to that derived by Jewitt et al. (2000) from optical sur­
veys. Moreover, we present results concerning the mean colli­
sional lifetimes of Trojans. In Sect. 5.2, we compare the number 
of large asteroid families obtained from our work to those stud­
ied by Beauge & Roig (2001), Dotto et al. (2006) and Fornasier 
et al. (2007). Then, in Sect. 5.3, we analyze our results in re­
gard to the ejection rates of Trojan fragments, investigating their 
possible contribution to the population of Centaurs and Jupiter- 
family comets. Finally, we study in Sect. 5.4 the dependence of 
our results on the dynamical model, the initial mass of the Trojan 
population and the initial distribution of orbital elements.
5.1. £4 Trojan cumulative size distributions
Figures 4a-d show our estimates of the £4 Trojan cumulative 
size distribution obtained from the family of Qs curves pre­
sented in Figs. 3a-d, respectively. Hie results of our simulations 
show waves that propagate from diameters of ~0.1 to ~80 km 
around of the values derived by Jewitt et al. (2000) from optical 
surveys. From O'Brien & Greenberg (2003), waves form in the 
population as a result of a change in impact strength properties 
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at a given diameter, which was previously discussed in Sect. 2.1 
and can be observed in the Qs and Qd laws presented in Fig. 3. 
In fact, O'Brien & Greenberg (2003) indicated that if all bodies 
were in the gravity-scaled regime, the resulting evolved popula­
tion would follow the general trend of a power law without to 
produce a wavy structure. According to these authors, the transi­
tion from a strength to a gravity-scaled regime at a given diam­
eter Dt leads to an overabundance of impactors capable of de­
stroying bodies of such diameter compared to that what would 
be expected if all bodies had a gravity-scaled impact specific 
energy. This generates a larger decrease in objects of diame­
ter Dt which produces an overabundance of bodies that can be 
destroyed by projectiles of such size, leading to a decrease in 
larger bodies and so on. From this, a wave forms in the pop­
ulation since the transition diameter Dt and then propagates to 
larger sizes.
For all our numerical experiments, the positions of the peaks 
and valleys of the wave do not significantly change. In fact, 
Figs. 4a-d show that the first valley extends from diameters of 
~0.1 to 1 km producing a peak around of 5 km, which leads 
to a second valley at a diameter of about 20 km. These results 
allow us to infer that the general shape of the final evolved pop­
ulation is determined primarily by the dispersing impact specific 
energy QD rather than by shattering impact specific energy Qs, 
which is consistent with that discussed by O'Brien & Greenberg 
( 2005). On the other hand, the break at D ~ 5 km found here is in 
agreement with that discussed by Yoshida & Nakamura (2005).
However, an interesting result obtained from our study is that 
the largest gaps between Qs and Qd curves lead to the largest 
wave amplitudes. In order to understand this behavior, we carry 
out two numerical simulations aimed at analyzing how the dis­
persion process of fragments resulting from catastrophic and cra­
tering events is affected by the relation between Qs and Qd- 
To do it, we select the Qs,i and Qs4 laws presented in Fig. 3b, 
which show a small and a large gap with the Qd law from Benz 
& Asphaug (1999), respectively. The simulation using the speci­
fied Qs 4 law shows that the number of dispersed fragments with 
diameters larger than 0.1 km resulting from catastrophic and cra­
tering events is ~55-75% less compared to that derived from the 
simulation with the smaller gap (see Fig. 5a). Moreover, more 
than 99 percent of the total of dispersed fragments larger than 
0.1 km in diameter lies in the first valley of the wave (namely, in 
the ~0.1 to 1 km diameter range) for both numerical simulations. 
In fact, the number of dispersed fragments with D > 1 km results 
to be some orders of magnitude smaller than the total number 
of dispersed fragments with D > 0.1 km (see Figs. 5a and b). 
Thus, the number of fragments capable of replenishing size bins 
in the 0.1 to 1 km diameter range is significantly smaller for the 
simulation that uses the larger gap between Qs and Qd- This re­
sult implies that the first valley of the wave is deeper for larger 
gaps between Qs and Qd, leading to a larger amplitude for the 
following peak and so on. This analysis allows us to understand 
why the larger the gap, the larger the wave amplitude.
On the other hand, the general outcomes indicate that the 
mean collisional lifetimes of Trojan asteroids in the gravity- 
scaled regime obtained from numerical simulations with a large 
gap between Qs and Qd laws, are smaller than those derived 
from simulations with a small gap. Figure 6 allows us to see this 
behavior, showing representative results concerning the mean 
collisional lifetimes of Trojans with D > 0.1 km, using the Qs.i 
and Qs ,4 laws from Fig. 3b, which have a small and a large gap 
with the Qd law from Benz & Asphaug (1999), respectively. In 
fact, according to that discussed in Sect. 2.1 and Eqs. (1) and (2),
Time (yr)
Time (yr)
Fig. 5. Number of dispersed bodies with D > 0.1 km a) and 1 km b) 
resulting from catastrophic impacts and cratering events as a function 
of time. These results have been obtained from the <2s.i and Qs.4 laws 
presented in Fig. 3b. which show a small and a large gap with the QD 
law from Benz & Asphaug (1999). respectively.
the diameter Dp of the smaller projectile capable of catastrophi­
cally fragment a target with diameter D can be approximated by 
Op (“) (32)
where V is the relative impact velocity and Qs is the shattering 
impact specific energy of target. For a large gap between Qs and 
Qd laws, Qs values for objects in the gravity-scaled regime are 
smaller than those associated to a small gap. Thus, the larger the 
gap, the smaller the Dp values for targets with D > 0.1 km. Then, 
in general terms, numerical simulations with a large gap have 
more projectiles capable of shattering a given target belonging 
to the gravity-scaled regime than simulations with a small gap. 
On the other hand, Fig. 6 shows that the large Trojans have mean 
lifetimes longer than the age of the Solar System, which implies 
that such asteroids have likely survived unaltered by catastrophic 
impacts over the Solar System history, in agreement with that 
discussed by Davis & Weidenschilling (1981) and Marzari et al. 
(1997).
5.2. Trojan families
The existence of asteroid families in the L4 lovian swarm rep­
resents a clear consequence of the collisional activity in this
G. C. de Elia and A. Brunini: Collisional and dynamical evolution of the L4 Trojan asteroids 385
Fig. 6. Mean collisional lifetimes of L4 Trojans obtained using the gs.i 
(solid line) and <2s.4 (large-dashed line) laws presented in Fig. 3b. which 
show a small and a large gap between Qs and the QD law from Benz 
& Asphaug (1999), respectively. The horizontal short-dashed line rep­
resents the age of the Solar System.
population. In the early 2000s, Beauge & Roig (2001) developed 
a semi-analytical model for the motion of the Trojan asteroids. 
From this algorithm, accurate proper elements were estimated 
for a set of 533 Trojans, which allowed to identify the existence 
of two robust asteroid families around L4, known as Menelaus 
and Epeios. Menelaus is the most reliable candidate to be a real 
family whose members present a size distribution with only two 
asteroids of ~80 km in diameter, three objects in the 40-50 km 
range, plus a large number of small bodies with sizes of the or­
der of 20-30 km. On the other hand, the size distribution of the 
family of Epeios is very different to that of Menelaus since all 
its members present diameters less than 40 km. Some years later, 
Dotto et al. (2006) made use of the list of Jupiter Trojan families 
provided by Beauge & Roig ( 2001) and studied the surface prop­
erties of several members belonging to the Menelaus, 1986 WD 
and Makhaon L4 families from a visible and near-infrared spec­
troscopic and photometric survey of Jovian Trojans. Then, in 
the framework of the same project, Fornasier et al. (2007) ana­
lyzed the main characteristics of small and large members asso­
ciated to the Eurybates, Menelaus, 1986 WD and 1986 TS6 fam­
ilies in the L4 swarm. These surveys indicate that all Eurybates 
family members, except the largest member whose diameter is 
~70 km, are smaller than ~40 km. On the other hand, the mem­
bers of the 1986 WD present a size distribution with a few ob­
jects larger than ~50 km in diameter, plus some bodies with sizes 
smaller than 40 km. Moreover, all members of the Makhaon and 
1986 TS6 families present diameters smaller than ~55 km.
Given the size distributions of members of the L4 fami­
lies studied by Beauge & Roig (2001), Dotto et al. (2006) and 
Fornasier et al. (2007), we analyze the formation of Trojan 
families from the breakup of parent bodies with diameters 
larger than 50 and 100 km that disperse fragments smaller than 
~40 km. Simulations with the largest gaps between Qs and Qd 
do not form any of such families, which rules out those Qs 
laws as possible shattering impact specific energies for the L4 
Trojan asteroids. On the other hand, simulations with the small­
est gaps between Qs and Qd, except that using the Qs,i law 
from Fig. 3b, lead to the formation of 2 Trojan families from 
the breakup of parent bodies larger than 100 km in diameter, 
but do not produce families from objects in the 50 to 100 km 
diameter range. Our results predict that the first of such 
families is formed about 3.5 Gyr ago while the second one is 
generated during the last hundred Myr of evolution. For the Qs,i 
law from Fig. 3b, 9 Trojan families are formed by the breakup 
of bodies with diameters larger than 100 km, while 5 big bod­
ies in the 50 to 100 km diameter range are collisionally disrupted 
over 4.5 Gyr. According to this simulation, the formation of such 
families starts since the first few Myr of collisional evolution and 
remains over the Solar System age. These results are in agree­
ment with the number of L4 Trojan families studied by Beauge 
& Roig (2001), Dotto et al. (2006) and Fornasier et al. (2007), 
suggesting moreover that new families should be identified in 
the future.
5.3. Ejection rates
Figures 7a-d show the number of bodies ejected from the L4 
Jovian swarm with diameters larger than 1 km per Myr as a func­
tion of time over the age of the Solar System, obtained from 
the Qs laws presented in Figs. 3a-d, respectively. In general 
terms, the largest gaps between Qs and Qd lead to the small­
est ejection rates of Trojans from the L4 swarm. To understand 
this behavior, we analyze the results concerning the dispersion of 
fragments obtained from the two numerical simulations carried 
out in Sect. 5.1, selecting the Qs,i and Qs,i laws from Fig. 3b, 
which show a small and a large gap with the Qd law from Benz 
& Asphaug (1999), respectively. Our study allows us to infer 
that, for the larger gap between Qs and Qd laws, the number 
of dispersed fragments with diameters larger than 1 km resulting 
from catastrophic and cratering events is ~95% less than that ob­
tained from the numerical experiment that uses the smaller gap 
(see Fig. 5b). This indicates that the simulation with the larger 
gap between Qs and Qd produces a significantly smaller num­
ber of fragments of D > 1 km that can be ejected from the L4 
swarm compared to that derived with the smaller gap. T'hi s al­
lows us to understand the general trend of our results concerning 
the ejection rates of Trojans from the L4 cloud.
In Sect. 4.5, we discussed several criterions to determine the 
final fate of the Trojan fragments and from this to calculate the 
ejection rates from the L4 Jovian swarm. From all our numerical 
experiments, we find that fragments escaping from L4 present 
eccentricities e < 1 (see Fig. 8a), which rules out the parabolic 
or hyperbolic collisional ejection as a Trojan removal source. 
On the other hand, when an impact occurs, the absolute value 
of the difference between the initial and final mean longitudes 
of the colliding Trojans is always smaller than the mean libra­
tion amplitude of ~30°, which indicates that the collisions in 
the L4 Trojan swarm do not allow the ejection of fragments from 
relevant changes in the librational behavior. For all our simula­
tions, the ejection of Trojan fragments from L4 is due to varia­
tions in the a, e and i values, which associate to some instability 
niches shown in Fig. 1 or exceed the boundaries of the swarm 
(see Sect. 3). Figure 8 shows a representative sample of the dis­
tribution of Trojans ejected from L4 with respect to semimajor 
axis, eccentricity and inclination.
On the other hand, for all cases, most of the bodies ejected 
from the L4 swarm with diameters larger than 1 km have diam­
eters ranging from 1 to 5 km. In fact, our simulations show that 
the number of fragments of D > 5 km removed per unit time 
from L4 results to be negligible.
One of the most important goals of this work is to analyze 
a possible connection between the Trojan fragments escaping 
from L4, Centaurs and Jupiter-family comets. Die existence of 
some genetic connection between the Trojan asteroids and the 
short-period comets was suggested by Hartmann et al. (1987),
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Fig. 7. Our estimates of the ejection rate of L4 Trojans with diameters larger than 1 km per Myr obtained from the Qs laws presented in Figs. 3a-d 
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Shoemaker et al. (1989), Jewitt & Luu (1990) and Fitzsimmons 
et al. (1994), who developed spectroscopic surveys and found 
similarities between comets and £>-type asteroids, which are 
the most predominant among the Trojans. Recently, Di Sisto 
& Brunini (2007) analyzed the origin and distribution of the 
Centaur population. These authors inferred that the Scattered 
Disk Objects are probably the main source of Centaurs provid­
ing a current rate of ~4 x 106 objects per Myr with a radius R 
greater than 1 km. Moreover, their results indicate that 30% 
of the Scattered Disk Objects entering the Centaur zone reach 
the region interior to Jupiter's orbit, obtaining a current rate of 
~1 x 106 Jupiter-family comets per Myr with a radius R > 1 km. 
In order to study the contribution of the Trojans to the current 
populations of Centaurs and Jupiter-family comets, we estimate 
a mean ejection rate of Trojan fragments from L4 for every of 
our simulations over the last 500 Myr of evolution, where the 
number of bodies removed per unit time is more or less con­
stant and the data sample results to be statistically significant. 
One of our main findings is that the maximum ejection rate 
corresponding to the smallest gaps between Qs and Qd is of 
~50 objects larger than 1 km of diameter per Myr from the L4 
swarm, which results to be very much less than that obtained 
by Marzari et al. (1997), who derived a collisional ejection rate 
of ~3600 objects in the 1 to 40 km diameter range per Myr 
from L4. According to our results, we would expect a maximum 
number of 1 Centaur or Jupiter-family comet with a diameter 
D > 1 km every 20000 years from the L4 Trojan swarm, while 
the estimates of Di Sisto & Brunini (2007) suggest the injection 
of 4 Centaurs and 1 Jupiter-family comet with a radius R > 1 km 
every year from the Scattered Disk. From this, we conclude that 
the contribution of the Trojan asteroids to the current populations 
of Centaurs and Jupiter-family comets is negligible.
5.4. Robustness of results
The results shown in this paper have been obtained using the 
stability and instability niches defined in Sect. 3, which present 
widths of 0.02 AU, 0.0125 and 2.25° in semimajor axis a, ec­
centricity e and inclination i, respectively. In order to test the 
dependence of our results on the size of those niches, we carry 
out several numerical experiments increasing the widths of such 
regions in a, e and i, which leads to magnify the stability re­
gion. In general terms, the larger the area of niches, the smaller 
the ejection rate of Trojan fragments from the L4 swarm. In this 
work, we select small size niches in order to minimize the influ­
ence of the isolated Trojans in the distribution of the population. 
On the other hand, we find that the results concerning the L4 size 
distribution and the formation of Trojan families are not sensi­
tive to the size of the stability and instability regions constructed 
to developed our dynamical treatment.
At the same way, we also perform some numerical simu­
lations in order to explore the sensitivity of our results to the 
initial population. To do this, we construct different initial size 
distributions (see Sect. 4.1) covering all the possibilities from a
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Fig. 8. Representative values of semimajor axis, eccentricity and incli­
nation for the Trojan asteroids ejected from £4.
small to a large initial Trojan mass. In particular, Fig. 9 shows 
a comparative analysis of results obtained from initial popula­
tions with 8 and 1000 times the current £4 Trojan swarm mass 
(of order 5 x 1023 g (Jewitt et al. 2000)) and using the Qs,i law 
presented in Fig. 3b. We conclude that the size distribution of 
the £4 Trojans, their mean collisional lifetimes, the current ejec­
tion rate of fragments from £4 and the formation of families do 
not depend strongly on the initial mass of the population.
Finally, it is worth reminding the reader that the results pre­
sented in this work have been derived generating initial values of 
semimajor axis a, eccentricity e and inclination i from the distri­
bution of L4 Trojans shown in Fig. 1. In order to test the depen­
dence of our results on the initial orbital distribution, we develop 
several simulations starting with a dynamically cold population, 
with eccentricities and inclinations smaller than 0.05 and 10°, 
respectively. Such e and i limit values are chosen arbitrary. Our 
outcomes show that D > 1 km Trojan fragments require time 
scales of order 100 Myr to reach the current dynamical config­
uration (see Fig. 10), while the smaller fragments occupy the 
stability niches very quickly, in only some thousands of years. 
In addition, we find that the results concerning the size distri­
bution of the £4 Trojans, their collisional lifetimes, the ejection 
rate of fragments from the £4 swarm and the formation of fam­
ilies do not show a strong dependence on the initial distribution 
of orbital elements. From this analysis, we infer that the current 
orbital distribution of the Trojan asteroids does not offer a strong 
constraint on the dynamical origin of this population.
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Fig. 9. Comparative analysis of results concerning the size distribution 
of the I4 Trojans a), their mean collisional lifetimes b) and the ejection 
rate of fragments from the £4 swarm c). The Initial Populations 1 and 2 
refer to starting size distributions with 8 and 1000 times the current £4 
Trojan swarm mass, respectively.
6. Conclusions
We have presented a new study aimed at analyzing the colli­
sional and dynamical evolution of the £4 Trojan asteroids. The 
numerical code developed by de Elia & Brunini (2007) has been 
used, including a new dynamical treatment that takes into ac­
count the stability and instability regions of such swarm. As for 
the collisional parameters, we test different shattering impact 
specific energies Qs and use a factor /ke depending on target
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Fig. 10. Distribution of D > 1 km Trojan fragments with respect to 
semimajor axis a, eccentricity e and inclination i as a function of time.
size (Davis et al. 1995; O’Brien & Greenberg 2005) which are 
combined to yield the dispersing impact specific energy QD for­
mulated by Benz & Asphaug (1999) for icy targets and 3 km s_1 
impact velocity. The main conclusions obtained from this study 
are the following:
- Our estimates of the L4 Trojan cumulative size distribu­
tion show waves that propagate from diameters of ~0.1 to 
~80 km around of the values derived by Jewitt et al. (2000) 
from optical surveys. In general terms, we find that the 
largest gaps between Qs and Qd laws lead to the largest 
wave amplitudes.
- The results concerning the mean collisional lifetimes of 
the L4 population indicate that the large Trojan asteroids 
have likely survived unaltered by catastrophic fragmentation 
events over the age of the Solar System, which is consistent 
with that discussed by Davis & Weidenschilling (1981) and 
Marzari et al. (1997).
- In order to compare our results concerning the L4 Trojan 
families to those derived by by Beauge & Roig (2001), Dotto 
et al. (2006) and Fornasier et al. (2007) from spectroscopic 
and photometric surveys, we analyze the formation of fami­
lies from the breakup of bodies with diameters larger than 50 
and 100 km that disperse fragments smaller than 40 km. 
Simulations with the largest gaps between Qs and Qd laws 
do not form any of such families over the age of the Solar 
System. On the other hand, most numerical experiments with 
the smallest gaps between Qs and Qd lead to the collisional 
disruption of 2 objects larger than 100 km in diameter but 
do not produce formation of families from parent bodies in 
the 50 to 100 km diameter range. In particular, the obtained 
results using the Qs,\ law from Fig. 3b are consistent with 
the number of L4 Trojan families found in the literature, also 
suggesting that new families might be identified in the future.
- One of the most important results obtained from our numer­
ical experiments is that the maximum ejection rate of Trojan 
fragments from the L4 swarm corresponding to the small­
est gaps between Qs and Qd laws is of ~50 objects larger 
than 1 km of diameter per Myr, which results to be sig­
nificantly less than that obtained by Marzari et al. (1997), 
who derived a collisional ejection rate of ~3600 objects 
in the 1 to 40 km diameter range per Myr from the same 
swarm. From our results, a maximum number of 1 Centaur 
or Jupiter-family comet with a diameter D > 1 km would 
be expected every 20000 years from the L4 Trojan swarm. 
Since the work developed by Di Sisto & Brunini (2007) sug­
gests that 4 Centaurs and 1 Jupiter-family comet with a ra­
dius R > 1 km come from the Scattered Disk every year, we 
conclude that the contribution of the Trojan asteroids to the 
current populations of Centaurs and Jupiter-family comets is 
negligible.
- Finally, we infer that the current orbital distribution of the 
Trojan asteroids does not offer a strong constraint on the 
dynamical origin of this population.
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